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Introduction 
We have devised a method called Magnetically Induced Motion Imaging (MIMI) for identifying brachytherapy seeds in 
ultrasound images. Ultrasound guided brachytherapy is a common treatment for prostate cancer. The overall goal of this 

project is the unambiguous identification and accurate localization of brachytherapy seeds with ultrasound.  Accurate 

determination of seed location is critical in delivering the correct dose distribution to the prostate.  Automatic seed 
segmentation and real-time dose planning are enabled by this technique.  Furthermore, the technique enables ultrasound to 

replace CT for post-implant evaluation, by providing a mechanism by which implanted seeds may be reliably identified 

by ultrasound. The proposed research will investigate and optimize the materials, instrumentation and algorithms for 

MIMI, to develop simulation, analytic and phantom methods to explore the relevant phenomena, and to conduct clinically 
realistic evaluations of the method. 

 

Body 
This report documents activities related to this grant for the period of April 1 2004 to March 30 2009.  The grant was 
originally awarded to the PI April 1 2004 at Duke University.  The work was suspended the following month when the PI 

transferred to the University of Rochester.  Work resumed at Rochester June 2005.  The PI applied for and was granted a 

no-cost extension.  
 

The Statement of Work identifies the following tasks: 

 
Task 1. Modeling of seed electromechanics (Months 1-18) 

 A) Propose magnetic core geometry  

B) Develop finite-element model of magnetic seed core for electromagnetic simulation 

 C) Solve for seed forces as a function of field strength, orientation and gradient 
D) Iteratively modify core design to maximize induced force given a constant-volume constraint 

 

Task 2. Modeling of seed-tissue mechanics (Months 6-24) 
 A) Develop finite-element mesh of seed and tissue 

 B) Solve for steady-state vibration amplitude over 50-500Hz band 

 C) Calculate vibration amplitude of seed vs. frequency 
 D) Find iso-amplitude contours within tissue as a function of vibration frequency 

 

Task 3. Seed detection algorithm development (Months 12-36) 

A) Simulate ultrasound RF echoes from seed and tissue vibrating as determined in Task 2   for varying seed-beam 
angle 

 B) Evaluate motion detection and clutter suppression methods 

 C) Determine vibration frequency that provides maximum spatial resolution 
 

Task 4. In-vitro implementation (12-36) 

 A) Fabricate or procure model seeds based on core design developed in Task 1 

 B) Procure prostate phantom 
 C) Implant seeds and clutter targets in prostate phantom 

 D) Capture RF echo data and generate seed images using the algorithm of Task 3 

E) Implant seeds in excised animal tissue samples and image using the algorithm of Task 3 
 

 

The accomplishments related to each task are described below; parts of this report reprise material from previous annual 
reports.   

  

Task 1: Modeling of seed electromechanics 

 

The goals of this task were achieved. A parametric model for seed core geometry was developed and evaluated using 

finite-element modeling software.  An “ideal” shape was determined by maximization of magnetic torque over the range 

of possible core shapes allowed by the parametric model.  Our results indicated that a simple cylinder generates 90% of 
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the torque associated with the ideal shape while being much easier to manufacturer.  Below is a brief summary of the 

details associated with this task.     
 

Finite element modeling of magnetic cores and associated forces was performed in Comsol Multiphysics (Comsol AB). 

FEMLAB was selected for its ability to run on multiple platforms, low cost, and relatively low learning curve for student 
researchers.   

 
Initial 3D finite-element models focused on two seed magnetic-core geometries, an ellipsoid and a rod capped by two 
semi-hemispheres.  These initial models were selected to allow straightforward comparison to analytical torque models 

[Jones].  The seed cores are modeled as being of iron with an isotropic relative permeability of !r=4000.  The models 

subject the seed to a unit-strength uniform field.  All torques induced in the seeds are due to the physical anisotropy of the 
seeds; material effects are ignored by selecting an isotropic material permeability so we can concentrate on seed 

geometry.   

 
The torque exerted on the seed was calculated by the Maxwell Stress Tensor method [Wangsness].  The net torque about a 

given axis is computed by integrating the cross product of the tensor and lever arm length over the surface of the seed 

[Comsol].  We found the torque is proportional to 

! 

sin(2") , as expected [Jones]. Both seeds have identical volumes 

(0.0013mm3), yet the rod shaped core generates ~1.75 times the torque of the ellipsoidal core.  This result confirms our 

initial hypothesis that torque would be sensitive to seed core shape and encourages us to further explore variations in 
torque with geometry variations.   

 

Simulation of seed electromagnetic forces continued with the goal of determining an optimum core geometry.   Our goal 

is to find the magnetic core shape that maximizes this torque subject to constraints on volume, maximum length, and 
maximum width imposed by the shape of a standard brachytherapy seed.  In carrying out this work we took advantage of 

an electric-magnetic duality.  The problem of estimating torque on a linearly magnetizable due to an applied magnetic 

field is equivalent to the problem of estimating torque due to an electric field on a dielectric particle. Just as the magnetic 
brachytherapy seed cores experience a torque when placed in a magnetic field due to induced magnetization, a non-

polarized dielectric particle of isotropic material suspended in an electrostatic field experiences a torque by induced 

polarization due to shape anisotropy.  
 

We employed two finite element models to find a torque-maximizing core shape.  In our first model, cores were modeled 

as a pair of symmetric frusta joined at their faces to form tapered, rod-like shapes.  The radii of the rod ends were equal 

and the radius at the particle’s waist adjusted to maintain constant volume.  The torque-maximizing shape is strongly 

dependent !r, the particle’s relative permittivity, low values favoring mass concentration near the waist of the particle and 

high values favoring concentration of mass near the ends.  A more detailed model was created as a stack of nine frusta 

subject to the same symmetry and constant-volume constraints. For high relative permittivity material (!r = 4000), a shape 

with mass concentrated at the ends of the particle, gives the highest torque. 

 
The details of the modeling are presented in Appendix A1 in the publication “Shape optimization of elongated particles 

for maximum electrical torque,” presented at the 2007 Electrostatic conference of the Institute of Physics.  The key result 

of this work is that for highly magnetizable materials, as would be used for the proposed brachytherapy cores, there is a 

slight advantage in torque to be gained by distributing the core material towards the end of the seed.  The maximum 
improvement compared to a simple cylinder, on the order of 10%, may not be sufficient in practice to justify the cost of 

shaping the core.  A second interesting result, albeit of limited utility in the brachytherapy seed problem, is that the torque 

maximizing shape is a function of the magnetic permeability (electric permittivity) of the seed core.  In summary, the 
goals of developing a finite element model of the torque on a ferromagnetic seed core due to an imposed magnetic field 

and finding the optimum core shape compatible with a practical brachytherapy seed were achieved.   

 

 

Task 2: Modeling of seed-tissue mechanics 

The goal in this task was to understand the vibration response of a seed in tissue subject to magnetically generated torque.   

We developed a finite-element model for a seed embedded in tissue and calculated the response to a sinusoidally varying 
torque on the seed.  Tissue was modeled as a viscoelastic solid, where the shear modulus G is time dependent  

 

! 

G(t) = G" + (G
0
#G")e

#$t
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where G0 is 670Pa, G" is 67, and # is 100µs.  A 50kPa bulk modulus and a density of 1g/cm3 was applied for the tissue.  

The seed was modeled as a rigid bar with a density of 10g/cm3.  The mesh was 37.5 x 25 x 10 mm with an isotropic 

element size of 0.375mm.  A weak resonance (Q of approximately 1.7) was found for the seed-tissue system at a 

frequency of approximately 310Hz.  

   
Task 3: Seed detection algorithm development 

 

The goal of this task was to develop an integrated model that incorporated magnetic torque, seed vibration and shear wave 
propagation in tissue, and ultrasound scattering and imaging to allow simulation of entire seed imaging process.  Tissue 

properties, seed core geometry, and ultrasound scanner parameters are all controllable within this simulation.  The output 

of the model is simulated ultrasound RF echo data.  The simulated data were then used to evaluate and refine seed 
detection algorithms based on the vibration-induced phase shift in the ultrasound echo.  We were successful in completing 

this task.  

 

Code for simulating the ultrasound from vibrating seeds and tissue has been developed and tested.  Tissue is modeled as a 
uniform scattering medium by a set of randomly positioned point targets of equal echogenicity.  These points are 

uniformly distributed within a specified volume, with a density of 10 scatterers per resolution cell.  These point locations 

are taken as the initial, pre-displacement scatterer positions.  Displacement vector field data from the finite-element 
simulations are used to reposition the scatterers at several (3-10) time steps within a vibration cycle.  For each scatterer in 

the phantom, the eight surrounding mesh points are determined.  The displacement components of the scatterer are 

linearly interpolated from the displacement vectors at each mesh point.  Scatterer motion in all three dimensions is 
simulated in this model. 

 

A simulated RF ultrasound echo is generated at each FEM timestep using Field II, a linear acoustic scattering simulator 

[Jensen].  A Siemens Antares VF10-5 probe was modeled as the imaging transducer; other transducers and scan 
geometries may be easily applied to the model.  At each timestep, scanning of the repositioned scatterers is simulated to 

produce a synthetic RF signal.  The process is repeated for every time step in the finite-element simulation.  It should be 

noted that this code has proven useful in other research.  In particular, it was adapted and applied to ARFI imaging 
simulation [Palmeri].   

 

Details of the seed detection algorithms and in-vitro implementation of these methods were published (Appendix A2) 

“Magnetically Vibrated Brachytherapy Seeds: Ferromagnetic Core Models and Image Reconstruction Methods.”  The 
principle research results are the development of a compounding technique to reduce “comet-tail” ringdown artifacts in 

seed images, and a directional blurring method to link seeds together. A summary of these methods is presented here.   

 

 
As shown in Figure 4 of Appendix A2, a seed rocking about its center naturally has the greatest vibration amplitude at its 

ends.    An image of vibration amplitude thresholded to a particular value will result in a “dumbbell” shape seed image.  
Ideally, the detected shape would completely enclose the seed and approximate its shape.    The directional blurring 

methods described uses the phase of the vibration signal to determine the orientation of the seed and link opposite seed 

ends, resulting in a seed image which encloses the seed and more accurately describes its shape and orientation.   
 

A second imaging artifact is the “ring-down” or “comet-tail” artifact due to ultrasound reverberation within the seed.  The 

result of this reverberation is a tail in the image that proceeds away from the seed in the direction of the ultrasound beam.  
This tail complicates image segmentation and interpretation and could result in a mistaken estimate of seed orientation.   

 

The compounding technique described in the paper combines seed images obtained from multiple angles to suppress the 

ring down artifact.  This method uses the principle that, while the tail will change position as the ultrasound beam is 
steered, the seed itself remains fixed.  We acquire seed images at two different beam angles and threshold to create a pair 

of binary images.  A final seed image is created by calculating the pixelwise logical AND of each image.  The comet tails, 

with their different position in each image, are suppressed, while the seed itself is unaffected.  This method and result is 
described in section IIIC of Appendix A2 and illustrated in figures 4-7.        

 

 
Additional simulations were performed to evaluate detection of seeds at a variety of orientations to the ultrasound 

transducer, and to compare the MIMI and B-mode detection of the seeds. Simulations were conducted with the seed major 

axis in the scan plane.  The simulations were performed using the integrated simulation described previously.  These 
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simulations do not include seed reverberation effects, but do accurately model the change in backscatter as a function of 

seed/beam angle.  Seeds were modeled as a dense (~1/2 $ between scatterers) collection of point scatterers, while the 

background was modeled as a diffuse collection of randomly distributed point scatterers.  The same arrangement of 

scatterers was used for each simulation, with the entire collection of scatterers rotated through an angle of 0-90 degrees.     

 
The simulated seed was scanned from 0 to 90 degrees (parallel to perpendicular to the transducer face) in 10 degree 

increments.  The resulting scans are shown in figure 2.  As expected, the echo from the seed decreases rapidly as its angle 

to the transducer increases. For angles of greater than 20 degrees the seed is difficult to detect, and for angles greater than 
30 the seed is invisible in B-mode images.  These images simulate a seed in a homogenous speckle environment.  In the 

presence of other structures (calcification, air bubbles due to needle insertions) one would expect even greater difficulty in 

distinguishing seeds.  
 

Simulations of MIMI imaging of seeds was performed through a combination of finite element simulation of seed/tissue 

motion and ultrasound scattering simulation.  Comsol Multiphysics [Comsol] was used to simulate motion of a seed 

embedded in tissue.  Tissue was modeled as a linear elastic material with a shear modulus of 10kPa and density of 
1000kg/m3.  The seed was modeled as a 5mm long, 1mm diameter solid steel cylinder.  A sinusoidally varying torque of 

200Hz frequency was applied to the seed, and the transient solution calculated until a steady state was achieved.  The 

calculated  displacements from the FEM  within the scan plane (lateral and axial) was applied.  Displacement amplitude 

was scaled to a maximum of  0.5 $ at the seed ends.  The seed and tissue were imaged with the seed at 0, 10, 20, 30, and 

90 degrees to the transducer face.  The scatterers were displaced and scanned at 11 time steps within a single cycle of 

steady-state oscillation to simulate Doppler scanning with a 20kHz PRF.  The motion of the seed and tissue was tracked 

by windowed cross-correlation [Palmeri], with a window length of 2.5 !s (12.5 $).   

 

Images of estimated displacement amplitude from the RF echo sequence are shown in figure 3 for 0-90 degree scan 

angles. As can be seen from the figures, the seed remains visible over the entire range of angles, in contrast to the B-mode 

images of the seed.   Figure 4 shows the same images presented with a larger dynamic range, showing that it is possible to 
more precisely localize the seed ends over a range of angles.  These simulations confirmed the hypothesis that seeds 

remain visible in MIMI images, even when the seed is invisible in the corresponding B-mode image, due to the induced 

motion of the surrounding tissue.  Tissue has an omni-directional scattering characteristic.  The Doppler signal (echo 

displacement signal) imposed on the tissue by seed motion can thus be detected even when the seed itself is not visible.   
 

Matching in vitro imaging of a seed in a tissue-mimicking phantom was performed to verify the model.  Figure 5 shows 

images of a seed at 0 and 90 degrees to the transducer face.  The power Doppler signal due to the seed is visible in both 
orientations, while the seed itself is invisible B-mode at the 90 degree orientation.  Scans were performed for applied 

magnetic field frequencies of 100/150Hz, 500Hz, and 1000Hz. Increasing the drive frequency resulted in a more localized 

Doppler signal. While this is due in part to the reduce magnetic field developed at high frequency due to coil inductance, 

the higher frequency shear waves induced are also damped more rapidly by the tissue-like material, resulting in a more 
tightly localized seed.  Both low and high frequency seed drive are useful – low frequency for finding misplaced seeds, 

and high frequency for precise localization of a seed of known position.   

 
A method was developed for detecting and compensating for physiological tissue motion and transducer movement, i.e. 

motion not due to seed vibration.  Such compensation is necessary, as motion not related to seed vibration will produce a 

Doppler clutter signal that could potentially obscure seeds.  This method relies on the fact that physiological and 
transducer motion is relatively slow and induces a low frequency Doppler signal, on the order of 10’s of Hz.  In contrast, 

the seed vibration is controllable and typically on the order of 100’s of Hz to a few kilohertz.   

 

In our clutter suppression method, illustrated schematically in figure 6, we estimate the low frequency component of 
tissue motion. This low-frequency component is illustrated in figure 5a, where a slow gross motion away from the 

transducer results in a given echo arriving progressively later after pulse transmission.  This gross motion is estimated 

using standard Doppler [Kasai] methods and fit to a constant velocity.  A “motion-compensated” Doppler ensemble is 
then formed by time shifting each echo by the amount estimated.  The remaining Doppler ensemble contains only signal 

due to seed vibration, or high-frequency noise.  This method has produced >10db suppression of Doppler clutter in our 

measurements.   
 

In summary, the goals of this Task were accomplished.  An integrated simulation model was developed, incorporating the 

magnetic, tissue mechanical, and ultrasound scanning elements of the seed imaging process.  The simulated data was used 

to evaluate seed detection algorithms, including physiological motion suppression methods.  Techniques for reducing 
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image artifacts, including “comet-tail” artifacts, were developed and published. Finally, the simulations were confirmed 

by in-vitro scanning.    
 

Task 4: In-vitro implementation 

 
We have created several tissue-mimicking phantoms in which to embed seeds for scanning and RF Doppler data 

collection.  These phantoms are fabricated of polyvinyl-alcohol (PVA) cryogel following the procedure outlined in  

[Surry2004] with the addition of 60g powdered graphite per liter of PVA solution to improve backscatter characteristics of 

the phantoms. PVA cryogel is a convenient material for these phantoms because their stiffness may be varied readily; 
repeated freezing and slow thawing of the phantoms increases their stiffness.  Thus, phantoms with a relatively wide range 

of stiffness (Young’s Modulus of ~2-40kPa) may be prepared from a single material mixture, providing uniform 

ultrasound characteristics between phantoms.  
 

Seeds embedded in these phantoms roughly match the rod model in task 1.  The phantoms were scanned with the Siemens 

Antares scanner.  A VF10-5 7MHz linear array transducer was used.  Volumetric scans were performed with a 3-axis 
positioning system (Newport Corporation).  The translation stage and scanner were controlled via a custom Matlab script.  

The transducer was stepped 1mm in the out-of-plane direction.  Screen captures and RF data were grabbed at each step. 

RF Doppler data was captured via the Siemens Antares Ultrasound Research Interface (URI) software and imported into 

Matlab for analysis (see Task 3).   
 

Color Doppler data was used to perform 3D reconstructions of the seeds.  Figure XX is a 3D isosurface reconstruction of 

a single seed in tissue.  The two vibration lobes are due to the rocking motion of the seed in response to the magnetic 
field, which results in the tips of the seed moving most, with the center moving little.  The isosurface reconstruction from 

in vitro Doppler data agrees very well with our previous simulations [McAleavey], which showed a distinct “dumbbell” 

shape to the vibration amplitude isosurface.  

 

 

Key Research Accomplishments 
• Finite-element model of magnetic force on ferromagnetic seed 
• Determination of optimal ferromagnetic core geometry 
• Demonstration of insensitivity of Doppler signal to ultrasound frequency and beam angle 
• In-vitro 3D reconstruction of vibration field 
• Coupled magnetic/tissue mechanical/ultrasound simulation model 
• Simulated and in-vitro demonstration of seed detection at arbitrary orientations 
• Development and demonstration of filtering algorithms to enhance seed contrast and suppress 

physiological motion 
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Reportable Outcomes: 
 

Conference Presentation with Paper 
(1) McAleavey S, Jones TB, Green N. “Shape Optimization of Elongated Particles for Maximum Electrical 

Torque,” 12th International Conference on Electrostatics, Institute of Physics UK., Dec 2008. Journal of Physics 
Conference Series 142 

 
(2) McAleavey S, White S, Menon M. “Magnetically Vibrated Brachytherapy Seeds: Ferromagnetic Core Models 
and Image Reconstruction Methods,” IEEE International Ultrasonics Symposium, 2006, p 1103-1106  

 
Conference Presentation with Abstract 
 (1) McAleavey S, Trahey GE. “Echo Signal Processing for Doppler Brachytherapy Seed Detection,” 

International Symposium on Ultrasound Imaging and Tissue Characterization, Arlington, Virginia, 2003 

 
Degrees Awarded: 

o Manoj Menon, Ph.D. Department of Biomedical Engineering, University of Rochester, 2010 “Resolution 

Metrics for Acoustic Radiation Force Imaging” 

 
Funding: 

o Quantitative Spatially Modulated Ultrasound Radiation Force Elastography 

National Institutes of Health (NIBIB) (1 R21EB008724-02)  

P.I.: Stephen McAleavey 

July 2008-June 2010; $418,100  

 
Employment: 

o Manoj Menon – Ultrasound Systems Engineer, Siemens Medical Solutions, Ultrasound Group, Issaqua, 
WA 

 

Conclusions: 
 
In this project we have addressed fundamental questions for the implementation of Magnetically Induced Motion Imaging 

for identifying brachytherapy seeds in ultrasound images. This research has investigated design of the ferromagnetic seed 

component, modeling of shear wave generation and echo phase modulation due to seed vibration, and signal processing 
methods for seed identification in images.  Our modeling has determined that the primary force on the seed is a torque 

induced by shape anisotropy. We developed a finite-element based parametric search algorithm to determine the torque-

maximizing ferromagnetic core shape.   
 

In contrast to B-mode imaging, MIMI generates seed images that are relatively insensitive to seed/beam angle.  This 

occurs because both the seed and surrounding tissue vibrate and modulate the echo signal.  By virtue of its omni-

directional scattering, the tissue Doppler signal is detectable even when the echo from the seed is undetectable.  We have 
simulated MIMI imaging of seeds through a combination of finite element simulation of seed/tissue motion and 

ultrasound scattering simulation. A custom Matlab code was developed to translate displacements of the seed and tissue 

calculated though finite element simulation to the ultrasound scatterers used in the Field II simulation. We have developed 
an adaptive clutter-suppression method for eliminating signal due to for physiological tissue motion and transducer 

movement which would obscure seeds. Detection of the vibration induced echo phase shift allows unambiguous 

identification of the seeds.   

 
The methods and technologies developed in this project have been applied to research outside the scope of this project.  

The technique has been applied by [Rogers] for the localization of ferrous shrapnel.  The integrated finite-element tissue 

model and ultarsound simulation has been applied in other areas, including modeling ultrasound tracking of tissue 
response to acoustic radiation force impulses [Palmeri]. 
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Figure 1.  Isosurface volume rendering of seed and tissue vibration from Color Doppler data.  The seed location is approximately 

denoted by the line.  The transducer scan plane is the x-z plane.  The volume reconstruction was performed by stepping along the y 

axis in 1mm steps.  The lower out-of-plane resolution results in the greater apparent size in the y direction.   
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Figure 2.  Simulated B- mode images of seeds at 0-90 degrees to the transducer face.  Note that the seed is significantly 

obscured at 20 degrees, and invisible for angles of greater than 30 degrees.  The system simulated is a 128 channel, 5MHz 

linear array with apodization and dynamic focusing    
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Figure 3.  Motion amplitude estimates of seeds detected from simulated ultrasound echoes.  Finite element simulations of 
seed and tissue motion in response to a sinusoidally varing magnetically induced force were used to displace scatterers in 

the ultrasound imaging model.  The scatterers were rotated to orientations of 0, 10, 20, 30, and 90 degrees.  In all cases, 

and in contrast with the B-mode images of Figure 1, the seed remains visible.  Further, there is no speckle artifact in the 
motion estimate images to obscure the seeds.   
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Figure 4.  Motion estimate images of figure 2 presented with an expanded dynamic range.  Here it is seen that the seed is 
still visible in all images, and that the seed location may be determined with greater precision than indicated in figure 2, 

with its saturated response. 
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(a) 

 

 
(c) 

 

 
(e) 

 

 
 

 

 

 

 
(b) 

 

 
(d) 

 

(f) 
 

 

Figure 5.  In vitro images of a seed in a tissue-mimicking phantom obtained using Power Doppler 
imaging.  Seed orientation is 90 degrees (perpendicular to the transducer face) in (a,c,e) and 0 
degrees (parallel to the transducer face) in (b,d,f).  The seed is visible in both orientations, though it 
can be seen to be invisible in the 90 degree orientation in the B-scan (e.g. figure 4a) .  Drive 
frequencies of 1000, 500, and 100Hz were used for the top, middle and bottom rows, respectively.  
The increased resolution available with higher drive frequency, and the larger area of induced motion 
at lower frequency, are evident.   
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(a)    (b)    (c)    (d) 

 

 
 

Figure 6.  Steps in the clutter suppression algorithm.  Raw Doppler data (a) is analyzed to determine a best-fit 

constant velocity estimate.  The motion due to this constant velocity, assumed to be physiological or transducer 

motion, is subtracted from the Doppler ensemble by time shifting each echo (b).  For a vibrating target (c), the 
vibration signal remains unaltered, while the static target (d) shows only noise.  Stationary clutter suppression 

has been applied to (c) and (d). 
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Abstract: A non-polar particle of isotropic material suspended in an electrostatic field 

experiences a torque by induced polarization due to shape anisotropy.  This torque is a 

strong function of shape and has a lower bound of zero in the limit of a sphere.  Our goal 

has been to find the particle shape that maximizes this torque subject to constraints on 

volume, maximum length, and maximum width.  In particular, the particle must fit within 

a cylinder of length to width ratio 11:1, and must occupy no more than 1/3 of the cylinder 

volume. We have employed a finite-element approach to search for this shape.  In our 

first model, particles were modelled as a pair of symmetric frusta joined at their faces to 

form tapered, rod-like shapes.  The radii of the rod ends were equal and the radius at the 

particle’s waist adjusted to maintain constant volume.  The torque-maximizing shape is 

strongly dependent !r, the particle’s relative permittivity, low values favouring mass 

concentration near the waist of the particle and high values favouring concentration of 

mass near the ends.  A more detailed model was created as a stack of nine frusta subject 

to the same symmetry and constant-volume constraints. For high relative permittivity 

material (!r = 4000), a shape with mass concentrated at the ends of the particle, gives the 

highest torque. 

1.  Introduction 

It is well known that a non-polar particle of isotropic material in an electrostatic field experiences 

a torque due to induced polarization [1,2].  This torque is determined by the shape of the particle 

for a given field strength, particle volume, and permittivity.  We have investigated the 

dependence of torque on shape and found that, when the geometry of the particle is constrained, 

the torque-maximizing shape is dependent on the permittivity of the particle.   

 

The motivation for this work is the development of a method for imaging prostate brachytherapy 

seeds [3-4].  In this application a brachytherapy seed is a cylinder of length 4.5mm and diameter 

0.8mm.  The seeds contain a radioisotope and are implanted in the prostate as a cancer therapy.  If 

made to vibrate in situ these seeds can be identified by Doppler ultrasound imaging methods.  

Vibration is induced by loading the seeds with a ferromagnetic core and subjecting the implanted 

seeds to an oscillating magnetic field.  A design goal is to determine the core shape that produces 

the maximum vibration amplitude for a given volume of core material constrained to fit within a 

seed.  When a linear magnetic model is used (B=µrµ0H) the electrostatic and magnetostatic 

problems are equivalent.    



2.  Theory 

A non-polar isotropic particle of permittivity !2 and volume V in a fluid of permittivity !1 

experiences a torque when an electric field E is applied.  The torque is given by [1] 
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The above expressions may be solved to calculate torque as a function of r normalized by the 

limiting torque value given above for a fixed V.  Figure 1a is a plot of this solution for several 

values of relative permittivity !r=!2/!1.  For all values of !r the torque increases with particle 

elongation (increasing r).  The increase in torque with r is most rapid for small values of !r 

implying particles with a high relative permittivity require a greater elongation to reach a fixed 

fraction of the maximum torque.  This is depicted in figure 1b, a plot of the value of r required to 

reach 90% of the limiting torque value as a function of !r.  Finally, figure 1c shows that the 

dependence of normalized torque as a function of V for a fixed length spheroid varies with !r.  As 

expected, for a fixed length ellipsoid torque does not monotonically increase with V, as increasing 

volume transforms the spheroid into a sphere.  Interestingly, the torque maximizing volume for a 

given major axis length depends on !r.  Peak torque is achieved with a smaller volume for larger 

values of !r.  Smaller values of !r favor a larger volume. These results suggested that the core 

shape sought for the brachytherapy seed will be dependent on µr, and that a torque maximizing 

particle shape in general will be dependent on !r.   

 

 

 
  a           b      c 

Figure 1. (a) Torque as a percentage of maximum value increases more slowly with particle 

length for a fixed volume as permittivity increase, as shown here for the indicated permittivities.  

(b) This same relationship shown as a function of permittivity.  (c) For a spheroid of fixed major 

axis length, the volume, and hence shape, required to maximize torque depends on particle 

permittivity.      



 

3.  Methods 

Torques on non-spheroidal particles were calculated using the Comsol Multiphysics finite 

element package (Comsol, Inc., Burlington, MA).  Two models were considered.  The first treats 

the particle as a stack of two frusta (truncated cones), as illustrated in figure 2a.  The particles 

simulated had a fixed length 0.5cm and fixed volume.  The ratio of end and center radii was 

varied to take the particles through a range of shapes from “bowtie” to “diamond,” thus there was 

only one degree of geometrical freedom, R=rend/rcenter.  The torque for each shape was calculated 

for !r values of 3, 30, 300, 3000.  The torque was calculated by integrating the product of 

Maxwell Stress Tensor times the lever arm over the surface of the particle.  Torques for the two-

frusta particle were calculated for a range of R of 0.6 to 3.7.   

A model composed of a stack of 9 frusta was constructed to search for a torque-maximizing 

shape with more degrees of freedom.  The model had a fixed length of 0.5 cm and volume of 

0.022" cm3.  As in the two-frusta model, lateral symmetry was imposed on the seed.  Combined 

with the fixed volume constraint this model had two degrees of freedom, illustrated in figure 2b.  

Torques on this model were calculated for r1 and r2 ranging from 0.15 to 0.25, with r3 calculated 

to maintain constant volume for particular r1 and r2.  In addition a guided optimization was 

sought using Matlab’s fmincon function, which uses a sequential quadratic programming method 

to search for an optimum.  A five-element model vector y described the seed radii at as many 

points over half its length, lateral symmetry and constant volume again being imposed. Calls to 

the Comsol solver returned torque values for a requested y, allowing the five-dimensional space 

to be searched efficiently.   

 

                
a      b 

Figure 2. (a) Two and (b) nine frusta particle models.  Constant volume is maintained for all. 

4.  Results 

Figure 3a presents the calculated torque for the two-frusta normalized to the peak torque as a 

function of R for !r values of 3, 30, 300, and 3000.  The results show the same trend suggested by 

the spheroid calculations.  Particles with a low relative permittivity maximize their torque when 

their mass is concentrated toward their center.  The mass of the torque-maximizing shape shifts 

towards the ends of the particle with increasing values of !r.   

Figure 3b presents a contour plot of seed torques calculated for the model of figure 2b at the 

indicated values of r1 and r2, with r3 determined by the constant volume constraint, normalized 

to the maximum value calculated.  The model had a relative permittivity of 3000.  A cylinder of 

constant radius 0.21 generated a torque of 79% as great as the peak value, obtained with radii 

r1=0.220, r2=0.314, r3=0.194.  This result again shows torque is increased with mass 

concentrated towards the seed ends. 

The constrained minimization search performed poorly, due to noise in the simulation arising 

from mesh changes with seed shape and numerical error.  Future work on shapes with a greater 

number of degrees of freedom will require less noise-sensitive search methods.         

5.  Discussion 

Both the analytical spheroid calculations and the finite element results indicate that the torque-

maximizing shape varies as a function of permittivity.  The total spheroid volume required for a 



fixed major axis length particle to achieve maximum torque for a given material permittivity is 

not constant as shown in figure 1c.  The finite element model showed that the torque maximizing 

two-frusta shape varied as a function of permeability/permittivity.  Low values of !r favor a mass 

concentration near the particle waist, while high !r results in mass concentration at ends.  The 

finite element model for the particle of figure 2b also favored an end-weighted shape consistent 

with its relatively high permittivity. 

The torque optimization problem is challenging for particles whose shape has many degrees of 

freedom.  The constrained search method was found to be susceptible to “noise” in the simulation 

due to variations in torque calculated for a given shape with different meshes.  The variation in 

torque was on the order of 1-2% for different randomly generated meshes.  This variation was 

often enough to confound the search algorithm.  Search methods with better noise immunity, such 

as simulated annealing, may lead to better results.      

 

 
a         b 

Figure 3. (a) Plots of the calculated torque for the particles of figure 2b for the indicated values of 

relative permittivity (3-3000) as a function of R.  The peak torque moves to higher values of R as 

!r increases.  (b) Contour plot of torques calculated for the particle of figure 2b for the radii r1 and 

r2 shown on the axes.   

6.  Conclusion 

Though a combination of finite element methods and analytical solutions we have 

demonstrated that the particle shape that maximizes electrical torque is dependent on the ratio of 

particle permittivity to that of its environment !r.  For a fixed particle length, particles with small 

values of !r experience maximum torque when their mass is concentrated towards the center, 

while particles with a larger value of !r realize their greatest torque with their mass distributed 

towards the ends of the particle.  The results suggest that a magnetic core for the brachytherapy 

seed application described should be end-weighted.  
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